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%Y, SUMMARY
Hhy Tne prior distribution on the class of potency curves in quantal bioassay
S
2“2 is assumed to be Ferguson's Dirichlet distribution, Given the integrated
' .’1

O
h?ﬁ: squared error loss and the quantal response data, we derive the Baves
Ef? estimator ia a linear space generated by the data. Some numerical examples
=~%§ and asymptotic results are also given.
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9 1. INTRODUCTION
> 4L
i ;‘ ’ 3 k3 . r
-The Bayesian nonparametric approach to estimating the tolerance
|t
LR . . . . .
S distribution in quantal biocassay has received some attention. The
N couputational difficulty in evaluating these Bayes estimators has hindered
n';) ‘.'."
¢ ) their applications. This paper explores the linear Bayes approach to the
Wk
) . . . B .‘
.“ biocassay problem. These linear Baves estimators can be computred easily by
(AL
oy . . : . . .o . :
JR . using statisrical software which has the capability of inverting a matrix,
1'.
e
Let us state the quantal bioassay problem as follows: The experimenter
A
o) ; . - . .
‘??: intends to test the potency of a stimulus by giving subjects injections of the
B G LN 5 bk
s R sz
0 scimulius at different levels; namely, he chooses L dosage levels, :1’°"’tl’
N, L .
(¥ and Tr=2ts 0.,...,%, subjects at these levels respectively. Each subject
i L
,\ ‘
o cossesses a fixed tolerance level., If a stimulus exceeds a subject's
u‘;a’
< 3 : 3w s - PO
,FS z3lerance level, the subject responds positively. If not, there is no
]
3
{ response., Therefore we observe the number of positive responses at each
¢ '4’. sy L ';‘b L“
A0 s2vel, These nunbers are denotel oY i;""’ﬂi' The potency curve I 1s the
B2 )
~e édistrisution of tolerance levels; i.e. F is defined by the probadility F(:t) of
15
zztting a positive response to a dosage at level t for all t. The objective
R -
Oy ¢ this article is to maxe ianferences about the potency curve r. oo .
f > The maxizum likelihood estimator of F subject to the zonotonicity '
AN
- ras=ricticn mar be found, as ia Barlow, Barctholomew, Bremner and Brunx (1872),
)
Yy
::* 2> be a weightec isotonic regression. If we have some prior information of
jtﬁ
‘Nl s .o - -
- T, we would expec:z to do betzer bv a Bayesian nonparametric method. arait and
DA
i
. Van Eeden (195%4) derive an estimate of F by using a tailfres process prior.
iy
\
K The 3ayss eszizazor of F using Ferguson's Dirichlet process prior (1972) has
. 2 M
i& se2n studied Sy Razsey (1972), Antoniak (1974), Bhattacharya (1981), Disch
all
L
= {1981), and Am=mann (198-+). Razsey discusses the posterior distribution and
o
o
‘o.'.o
i,’.'l'
1,
PRI
l‘!'l ‘

4 { 3 I '. \ '. '. )
99'!“‘!‘:‘. Wttt et
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A .
e} its mode. He also presents interesting examples to illustrate the desirable
e
!
) features of the Bayes estimators. Bhattacharya obtains the asymptotic
!"
; f posterior distribution by means of a Markov Chain formulation. Ammann
XK
Py
pg generalizes the Dirichlet prior to a class of priors which uses processes with
b
¢ ) independent increments.
t"};
* Anctouniak (1974) has treated this problem with integrated loss function
)
o 2 . . .
i L(F,F} = | (F-F) dW where W is a known weight function. He has shown that the
K
posterior distribution of F given the data is a mixture of Dirichlet process
o
gﬁ distributions, and he has derived the Bayes estimator of F for two dosage
WY \ o e L . . . .
w ‘ ievels, Unfortunately, this mixture becomes increasingly intractable when the
x".
§ nums2r of stimulus levels iacreases. It is shown by Antoniak, when L = 2,
A . . . L . .
‘e thaz a cdoubdle summation (two indices) can be used to express this mixture;
gy
na,"-
;j‘ when L = 3, six indices of sumdation are needed. 1In general, L(L-1) indices
L re needed to represent this mixture. It already takes a substantial amount
S
:3 I Scoakeeping for the mixture even in the case L = 3., Therefcre, it is
%)
s
Ls izportant to search for methods of approximating the Baves rule.
Wy
J Disch (198l) proposes two methods for approximating the posterior
w"‘
A cistribution. One method uses a single Dirichlet to approximate the mixture
+ -
h\ ) ) .
4 of Dirichlets. The parameters 2f the single Dirichlet are defined to be a

ien 0of T k, and I ni-ki). The other method is a two-step methed.
i<g © i

L]
o

’ji Tne Iws steps involve deleting a subset of observational doses and using the
L . = . : PR : . : :

‘: ad>ove method of single Dirichlet approximation again. As pointed out by

) Jischa, the drawback of the two step method is that the approximation depends

.

L ' l" g U (o .7"" “ "*.’"
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Wh
"w
: A linear Bayes estimator {s proposed here to approximate the Bayes
) . , . , _ 2 . {
oy estimator. Given the loss function L(F,d) = f(F(t)—d(t)) dw(t), we restrict
s5
b
(9] ; ;s , .
". the decision rules d(t) in the linear space generated by k},...,kp and 1. A
N
)
' . .
. linear Bayes rule is the Baves rule in the linear space. The solution is
)
A . . . . a . :
4‘1 given by pointwise minimization. For each t, we find constants xl,...,xL,xo,
.. "
ﬁ¢t depending on t, to asinimize E(F(r) - KO - Klkl - e = XLkL)-' It is much
Pl
‘ "egsier to evaluate the linear Bayes rule than to evaluate the Bayes rule
2_: E(F(t)}kl,...,kL). The former evaluation requires only partial specification
T4
SOAS af T
- of F.
.y s . R . . . R .
, this 2pprcoach ol approximating Basyves rules in scme nonparametric problems
iy o , - ; . . . . . - .
oW Sr 3aves estizmators within the class of linear combinations of a given set of
;\: functicsas oun the sampl: space has been proposed by Goldstein (1975). He
]
v appliz2s his rasult to derive linear polynomial estimators of the mean and
\
I'
P : ' . . . - . :
,} zozents of the unknown distribution function, However, Goldstein does not
oL
“
& C s . , .. - ‘s : .
o Sgeliiically treat the biocassay probiem. The objective and loss function
A
W L . - . A 3 .
;) stugizsd here ar2 also different from Goldstein's. Integrated loss function is
*#:j vsel nare, sincs the objective is to estimate the whole distribution function.
o
{._‘
55 To use Ferzuson's process indexed by a, the statistician needs to specify
Lo
"
iy .
; z. The measure =z(-=,t] can be rewritten as MFO(t), where M = g(-=,») and
S
N fle = alm=,0 M. It is kaown that EF(t) = F(t) and var(F(1)) =
£ - %
1]
..’ —_ - * ’ . . . v - ) s 3
‘e Fooo)ll=F (t))/(¥=1) where F is the unknown random distributicn chosen by the
K-2"q , 3
ferguson's process. The function FO represents the statistician's prior belief
LY
-
S on Ihe shape I T, ani M represents the degree of coacentration of F around F_,
.. s 5
AN
(v D) - -
;i; warge 4 indicates that F concentrates more around FU.
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The linear Bayes rule d derived in this paper can be summarized as
follows. For t to be one of the stimulus levels, say t = t_ , the linear
]
- N e . . -
Bayes rule d(tj) is a linear combination of Fo(tj), and ki/ni .O(:i) for
i=l,...,L. The coefficients are ratios of two determinants of LxL matrices

where the entries are functions of M, F

and nl,...n For values of t not

O’

at the drug levels, say for example tj <t<t

L
o1 &(c) can be interpolated
from a(tj) and a(tj+l) using FO. Perhaps the most interesting resuit of this
paper is this interpolating formula. It reduced the problem of evaluating
é(t) for each t to the problem of just evaluating L of them, &(tl),...,é(tL).
One of the drawbacks of the linear Bayes estimator is that it may
not be nondecreasing. rorzunataly, nonmonotonicity does not occur very often.
If monotonic restriction is a great concern to the user, the pool-adjacent-
violators algorithm (Barlow, Bartholomew, Bremner and Brumk, 13972, pp. 13-18)
can be used for obtainiag the isctonic regression on é(:l),...,é(:L).
Nevertheless, this rule is not Baves to the original probiez. It is also not
clear what to do for t not zt the drug levels. An alternative formulation of
linear Bayes estimation under order restriction might be of scme interes:t and
could be explored later. The present paper adopts the one without an order
restriction for computational simplicity. This formulation enables us to
cerive the interpolating formula given in Theorem 2 for the linear Baves rule.
The gencral discussion on the Dirichlet process and the mathematical
aodel for the quantal bigassay is given in Section 2, The derivaticn of the
linear Baves estimator is given in Section 3. Some asymptotic resnlts and

-

;L..:iii.‘zs Seiaviul ful My ol e [or tue linear Bayes ruies ale givenl it

’

Sections 4 and 5. A nunmerical example cowmparing the Bayes estimators and
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linear Bayes estimators for L = 2 is given in Section 6. A SAS program 1is
given in the appendix to illustrate the ease of computing linear Bayes
estimators in practice. The program computes the linear Bayes estimators for
all possible observations for n, =0, = 3. The PROC MATRIX procedure which
has the capability of inverting a matrix is used. Another numerical example

given in Section 7 using the data in Cox (1970, p.9) illustrates the use of

linear Baves estimators in practice.

2. PRELIMINARY WORK
A brief description of the Dirichlet process and the quantal bioassay
sroblex is given here.
Ferguson (1973) conscructs a prior on the space of distribution
functions. The prior indexed by g chooses a random distribution function P.

This is denoted by Pz D(aq). The prior can be defined as follows. Given aav

1

rziticn 31""’Bk 0f R7, the ioin

t

diszribution of the rando-

N

. == - 4
******** -= r -
prosadilities ?(31),...,P(33) is a Dirichier distribution with paramercers
N
£ - \ .
a(3 R 1- 7D
R ) e()

Given the loss function

L(F,B) = | (F(r) - F(t)? (o),

o
t
[N
w
n
3

hown by Ferguson that the Baves estimator of F for the no sample

L8]
"
(@]
(98
N
n
£
"
wn

%(t) = EF{(t) = g{-=,t]/a(R) = MF _(t)/M = Fo(t).

Fo
w

Tne 3aves 2stimator of F, when we obsarve a sample x,,...,x1 from F,
: L T
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- n
F (t) = E(F(t)[Xx,,0ee,%x_) = {a(==,t] + T I(x.<t)}/(M+n)
n 1 o i
i=]
M n
W — & —
M+n FO(t) M+n Fn(r') }
where Fn is the sample empirical distribution function.

Recall the bioassay problem, k; is the number of subjects react
positively at the stimulus level tj. Therefore, the likelihood function is
given by

L ns ks n:~-ks
L(F) = T (,*) {(F(e)} 1 {1-F(e )}y + "1 | (2.1)
sy K§ 1 1
i=}]
Given the Ferguson's prior F:D(g) and L = 2, it is shown by Antoniak that the
posterior disctribution of T 1is a mixture of Dirichlet processes. Define
2 = MF 2 = M{(F ! -7 = M( 1=
g J.O(cl), 3, “\:O\tz) ‘D(tl))’ and ﬁ3 M(1 Fo(tz)). It is shown by

Antoniaw tha:z the posterior distribution of F(tl)’ F(:Z)-F(tl), is given by

'-\‘ rn‘—ﬂl ’ o . , .. R . "
cies tany Gap DEERLTRTE By vRgTISG, Byrnypti), (2.2)
=2 J=0
where the mixing indices are
k) ny=k;
a, . = bi./E z b, and
] I im0 j=0 M

rkz) T(2y#ki*+i) r(82+n)-kj+ky=i-j) T(33+ny=ko+j)
1 r(ey) T(Ry) r(83)

Antoriax has also given a good heuristic explanation for the mixture. While it
1§ Kaown tna:t <. ocservations fail in (J,c,) and nl—kl observations raii in

LS
fall in (O’tll and how many of the

(tl,ll, we don't know how many of the kz

nl-kl fall in (t,,l1]. Let i denote the number of observations in (O,tll
I

arising from x,, and let j denote the number of observations in (tz,l) arising
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N
‘e from nl-kl. Since i and j are unknown, the posterior distribution is a

mixture over all possible values of i and j given by the double summation in

P the expression (2.2).

oN

"i‘ The Bayes estimators can be obtained as

b. -

kz nl-kl

\ 2 81 + ky + i

-) F(cl) =z z -2 SLELY S

N i=0 =0 ij M+ n1 + n2

- J

~oe.

e k> nj-k :

o Fep=zo g0 o, fitBrrm itk -
27k . ij M+ np + 0o .

i=0 j=0 <

K .

[

a0 when L = 3 , it takes six summations to describe this mixture. 1In general
] g
o

J\i it taxes L{L-l) summations to describe the mixture. To circumvent the

C X

Pt difficulty in computing the Bayes estimators, the linear Baves estimator is
. P g 5 3

S

<< proposed and derived in the next section.

e

553
&_. 3. DERIVATION OF THE LINEAR BAYES ESTIMATOR

U

"\:: 2

YR 3iven the loss function L(F,d) = [(F(t)-d(t))"dw(t), the linear Baves
T

2]
estimaror is obtained by minimizing the funcrion E(F(t)-d(c))~ for each t.

Let us first restrict our attention to estimating F(t) at the stimulus levels,

X
5

nazely when t = cj’ j=l,...,L. The following Theorem 1 says that é(tj) is

[y : 4 ",“’
"E")."- L4

*

actually a sum of Fo(tj) and a linear coabination of ki/ni- Fo(ti), i=i,...,L,

LA

whare the coeffiicients depending on tl,...,t, can be computed from the
L

EA's

o

06 4N

l~a .

L

deterainants of certain covariance matrices.

.

o
A "L.

"

Wwe need the following two notations for Theorem l. Let cov(k) denote the

Ve covariance macrix of kl,...kL and let A(i,t) dencte this matrix with the ith
'.‘-.‘ ) 7 : ’ A . N \T 1
e ¢olumn replaced by [covy l,F(t)), cov(xﬁ,Fat)),...,cov(&L,f(t)), , namely

-

O
¢
.

)
" Te s
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1

-

var K,
i

column

.o c0v(k1,F(t))

cov(ki,kv)

var «
2

cov(kl,kz) . cov(kZ,F(t))

A(i,c) = .
i .
cov(k
-

kL) - cov(kL,F(t)) ees var

l’

Theorez i: In the bioassay problem, let us assume

} the potancy curve F(t) is a random distribution chosen from the

' "'_-

L)

Ay
0
e
.

process with parameter

0

MFD(t) (~o{tm>);

]

L Yo
POCH & PP |

-
27

~

yeeo,n, subjects are treated at stimulus levels <, <. <L,
t < i

5

and K.,...,k are the observed numbers of subjects that
2 L

-

%

ry

react

[N
£
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}o
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level;

s
;é@?

A

S

v.

Ca.

{C -

TN
2,

h

X
.'i
LI

‘I

Py ™

Fr

P e
[ty ’

LeES
1%L,

*
»

& A

.

2
hY
4]

.’.".., AT

L A
" A8, o

.‘P.)'.(,:.
A

(e,
(CJ)
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nixi(j) (ki/ni - Fo(ti))

e~

Fo(tj) +

i=1

A o= IA(i,tj)i/Icov k! .

*| denotes the determinant of matrix *.
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2 PROOF. Given t = tj’ we seek xo(j),...,xL(j) to minimize
o L )
o s(A) = E(F(t.) = ay(3) -~z A (3) k)7,
A" ] 0 A § i
> i=1
A
.""-'
': where £ denotes the expectation over the joint distribution of the observations

~

;,. and the parameter F(tj). Differentiating #{()) with respect to xo(j),...,xL(j)
u~:‘
o respectively, we obtain L+! normal equations:
Wy W & B q
>
A .
N - L
E(F(cj) - A3 - 7 A (DR) k=0, 2=0,...,L,
” i=1
-,
r
't
", N
NN here k. = |
’! - - -
A'.-‘ 9!
B f v
L4
*
’ Thereicre, Zroz zhe eguation for 2 = 0, we obrain
~
n
N L
Tty ;\/~\=::/- y - F (3) =(k.) (3.2
-_-4-‘ ~\VJd Lot )‘ )\l J (K. ). -,
R ” J i=1 '
L
*_-t'. Substituting this expression for '\O intos each of the L equations with 2=1,...,L
o .
A and solving the svst2m o L linear equations, we obtain
.1'. : N | . P .
D A (3) = iA(l,tj)l/lcov kI i=1,...,L.
.
Y Morzovar, from aguation (3.3)
b . L.
'."- 4 = F b - V (i)n.F t.
o A(3) = Fple) = T A (DagFyle),
1 3N i=]
o
L]
A
N3 . . Lo
Ca) i
\ d(z.) = A (3) + v a3k,
N (£) = rg(d) = T a ()
" i=1
1.Wy. -
L_ ~
™
> = F(t,)+ + n.n.(3 k. /n, - F (t.)).
o) = T e () (ky/ng = ECe)
BN =
o3
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Remark: The coefficients Al(j),...,kL(j) could also be derived by matrix

i)

o T el

acvltiplication, i.e.
N3 r-_ h - 9
7\1(_]') co (&l,.(t »)

b - . = (cov k)_1 . (3.4)
i

lL(j) COV(kL F(t )) .

& _ _ g

cov k%, and A(i,

-
Ay Ay
P
£
{
I
ot
(=
wn
(g}
]
3]
3
(o4
Y
1%
[ad
5
1)
1]
3
rt
ry
)
L
»
(o]
(1)

which are needed t©»

- SCT 1T, e, L,
TN
Pt o . - r )
- - . e -~ '’ - ks
VAT K. = mivarix iF)] = var{E(k !F)]
i i i
--'D
-
= T Tre Y'Y M W e Y fld AT
! = 2. o, Fz. 00 Flt.)); ~ var{a,r{z,)]

AN

S& )

e = o, f () ~n, FAz.)MF (t.) + S{M+1) et ~F +
o ST l) : J( ;) J( l) 1)/ (M=+1) i Fo(ti)(l ro(ti))/(X 1)

ey
" Iovia w0 o= Ihon, o= Ik, Ik,

->'.' - ~ -~ - - ~
't-'..

Wt = n,n, EF{t,)%iz,) - a,n,F.(c,)F.(z,)

, - by 3 L+ 3 Y i L J

r
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o0 <1 a.nF (2 )(I=F.(c )/ (M+1) if 1 > j; and
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EAY)

9 coviw,, Tl y) = Ex,Flz.) - Ek IFlz))
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Next, we want to estimate F(t) for t other than the drug levels, for

example tj<t<tj+ . We can find d(t) for each t by the same method as in

1

&13 Theorem 1, where tj is replaced by t in equations (3.1) and (3.2). If d(t) can
Jo
K - -
:¢§ easily be derived from FO’ d(tj), and d(tj+1), then time and effort can be
¢ ) saved in estimating F(t), since we no longer need to compute the determinant of
NS
My o
Pt A(i,tc) for each t. The following theorea enables us to linearly interpolating
o2
>
s - ‘ - -
$L d(t) by using d(rj) and d(tj+1).
lﬁ&ﬂ Theorem 2: With the assumptions of Theorem 1, and restriction of decision rules
,,:,-:.
.i}: to linear combinations of kl,...,kL, and 1, the Baves rule for F(t) is given by:
-
s ( )
i Yy v - '
': R FO tj*l) -o(t) " .o(t) ‘O(tj' -
P é(e) = T (: Y=F (¢t ) d(t:) + F.(t Yy - F.(z.) d(t-'+l)
S BORRE TS AN AR I J 0% i+l 0Nt J
1:f:n N
;:.' for t, <t < tj+1, j=0,.+.,L with FO(:O) =0 d(to),
{ .
0 = = d
B Foltpey) = 1= de e
H:‘
o
jﬁ} PRU0F. By the same method as Theorem l, we obtain
g I
2 X Lo,
ol d(t) = Fo(t) = § n, A (8) (k;/n, - F(c))
~ 0 - i1 i1 0" 1
NI i=1
.
\."‘,
Aof« . L .
) = ko(t) + _E li(t)ki, (3.9)
l=l
e,
’Q{I
153’- - L ~ -
.;ﬁ where xu(:) = Fo(c) - '21 Ai(c) g Fo(ci), and xi(t),i=l,...,L is obtained
M 1=
dhely from the right side of the equation (3.4) with F(tj) replaced by F(t). Note
'{qﬁ that the entries cov(ki,F(t)) can be computed similarly as ia equation (3.3).
rod
A
h
Sl
Kal.
—
Wl
A
o
St
@
:-';';'
N P - d PLEPRCA -1' i 4 o« EG w »
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cov(k,F()) = (o Fo(e JU=F())/(#1), if t_ < t,

Wy N -
"ol \ni Fo(c)(l Fo(ci))/(}&l), if ci > t.

» For tj< t < tj+ » it can be verified that for i=],...,L

1

- F.(t,  )-F, (t) F (t)=-F_(t.)
* {£))= CG\'(ki,F(t.)F;)(EJ‘*I)_FO(': ) + cov(ki,}‘(t.,l)) ._O( g)__l(, y . (
J J° j+l 0" 7j T i) :j+1 o T

L2

- Then by a straightforward matrix multiplication using equations (3.4), (3.6)

Y and (3.7), we can show

[S7 ]
(B
L

s
t ]
L]
(&8
(8l
[ L]
N
.
t
C
r
a
-
[}
(el
a
+
‘v
c

i, 4. ASYMPTOTIC RESULTS FOR d(t).

1;5 3y evaluacting xi(j), we are able to show d(tj) is arn asymptotically unbiased

re

T e
A(~j).

2onsiszent eszimazor o

ALK
»
)
4

Ll
(W]
1
3]
[

Given the assuz=ptions of Theorem 1, let n;> e for all i{=l,...,L. Then

e JinT, i = 7{t,), and d(:j) is a weakly consistaent estizator of F(tj) for
- - -

o+
. “'~|
"
'
l"

ay et yume

A
"y

roz ezuation (3.1), we have:
§§ . L.
? * = T 3 N -

. dep = Fylsp + T oad (D ky/ng = F(e ).
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It can be verified, by evaluating equation (3.2), that
~ 4
W ! U(l/nj) if 123,
e niki(j) =
' L
1+ 121 0(l/n;) 1if 1 = j.

S
T

£ 3
?
A
LN -
q Tnerefore,

2 R L R
E(d(tj)IF) Fole,) + 121 n A (G(F(e)) = Fole,))

s
SRR
L}

=

-

o e
-
-

»

[}
7]
o
—
-
i
A
+
—~
—
+

0(1/ni))(F(tj) - Fo(tj))

-, ‘g .

AL

LI
vietatatatal el

AL
.

L
+ 7 C(1/a )(F(c,) - F (t.))
by i 0 i

‘
¥

~
~

F(tj) as a, » = for i=1,...,L. (4,2

, - . , ;
’23 Tnen, from equazions (4.1) and (4.2),

)
(N}

(oW1
—~
"
e
-'-1
~
[}
m
o~

: 3 ) ‘I - A
niki(J)((&i,ni) :\ci),-

1

L

L
' 25 42
S = izl aix; (3)7 var(k,/n))

SN Lol 2 . : . 3
88 + -Zi niki(J) nixl(J) cov(k,/n,, kl/ni)
: ,'t, l«\-l
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2
= ( . -
(1 + iEI O(I/ni)) F(tj)(l F(tj))/nj

,
+ 3 0(1/n.") ¢ F(c )(1 - F(t ))/n
1% j i i i

+ 0 as ni + o for i=!,...,L.

(Note that given F, k

{ is independent of kz.)
Therefore,

d(tj) is a consistent estimator of F(cj).

5. LIMITING BEHAVIOUR
Given the case M » 0, we will show d(tj) -> kj/nj. As M » », a straightc-
fcrward evaluacion of ki(j) will show that Ai(j) - 0. Also, d(tj) + Fo(tj).

These results are expected. The evaluation for M»= is omicced.

Coroilary l: Ffrom the resul:z of Theorem 1,

liz d(t.) = k./a. for j=1,...,L. (5.1)
w0 3 3]

2330, First, let us show, for a fixed j:

i 0 i

rn

LRl
&F.‘

lin ii(j) - for i=1,...,L, (5.2)

e ng 1f i=]

whare A,(j) are defined by equation (3.2).
Wwe need to consider the following three cases:

(1) 1f 1< 3, then A (§) = |ati, e )1/ eov k.

v .th ,th
anan Ma0, the j ¢oluzma is proportional to the i column in the

lunerator.

"

Inerefora, lim A.(3) = U.
M)

(2) 1f 1 > j, then linm ki(j) = 0.
0

UG M YOO S0N0E
N N R S S .t"."n"’x? ket
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This is verified in a similar manner to (1).
(3) If i=j, then xj(j) = [A(j,cj)l/]cov k.
When M » 0, we can factor nj from the jth column of the denominator, and show the

ratio of the two remaining determinants + l. Therefore, lim A .(j) = l/nj.
M>0

From equation (3.1), we have
- L -
\ bla-tg d(e,) = ::S [Fo(tj) + izl nh () (ke /n, - Fole )]
= Fo(tj) + (kj/nj - Fo(tj)) = kj/nj'
REMARK:
Antoniak has given an example for M » 0 withn, = n, = 100, k, = 1,k, = 99,

1 2 i

tl = 1/3, tz = 2/3, and Fo(t) =t = [0,1]. He obtains the Baves estimate

2

F{1/3) = F(2/3) = 1/2 and F(t) is piecewise linear on {0,1] (F(J) = 0, F(1) = 1).
The linear Baves estimate in this case is given by 8(1/3) = 1/100, 3[2/3) =

99/100 and a(t) is piecewise linear (d(0) = 0, d(1) = 1). Paradoxicallv, the

linear Bayes estimate d in this case is intuitively more reasonable than the

-

usuzl Baves rule F.

6. COMPARISON OF LINEAR BAYES TO BAYES ESTIMATES

Comparisons between Bayes and linear Bayes estimates are made in this

seaczion., For L=2, the Bayves estimator of F can be evaluated as in Section 2.

L2z us assune n = n2= 3, i.e, three subjects are tested at each stimulus level.

The linear Baves estimates and the Bayes estimates evaluated at the two drug

~_
'S

M I 1. I I}
abie o e puss1i0ie

r

or ali

L e}

M - R L= L S N e 4 Lol R DU B |
ievesrs with different * are given in Tebie 1 and

values of kland kz. The prior probabilities for each of the events are also

e, Ve 8 W 00 B QU0 (M0 e, # O J \ N
i R A et e St i bl el ek e

1 JOCKK)
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;533 given in the last column. The prior probabilities are evaluated by E(L(F))
g
" with L(F) given by equation (2.1) with appropriate 0y, 0y kI and kz. Both
o
‘39 tables use the same Fo, standard normal distribution, M=1 and M=10 are used
L)
L,
S respectively in Table ! and Table 2. The stimulus levels are administered at -1l
)
;W. and 1. It can be seen that the linear Bayes estimates approximate the Bayes
W]
20
! ; s . . .
ﬁﬂ estimates fairly well for M=10. For M=l, the approximation is satisfactory for
)
'
xg the cases kl < kz. The worst case occurs for the case kl = 3 and k2 = 0.
. Fortunately, the prior probability for this event to occur is only 0.0002,
@b
'\ 3 - ]
Ao 7. NUMERICAL EXAMPLE
1 A
AN -~ - o <
i ITne datis for this example are taken from Cox (1970 p. 9). 1In all, 130
U . . e iis: . . . .
h: subjects arz tested at 5 different concentrations of the stizmulus with 39
o
» L]
:,; sudjects at each of the dosages. The numbers of deaths are tecorded
[}
L) . . P ) : - = .
R respectively at the dosage levels, Three different priors, X(2,0.5), X{2,1)
I aand Ni2,4) with various M are used for computing the linear Baves estimates
L
R
Ay évaluatad at :the five dosages.
-
M | . N N . .
;) Iz can b= obsarved that the linear Baves estimators are not monotonic in
Wy
f\. 2. As M lncrzasas, the linear Baves estimates approach the prior guess
3
E: F 2s expected. 'when M=l, the linear Bayes estimates are relatively insensitive
Pl J
e

- %5 the cheice of the prior guess. Theyv are all close to the isotonic maximunm

>
v

42K2l3i0000 &3lL1z&8les,
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8. CONCLUSIONS
. The nonparametric Bayesian method is applied to estimate the potency
k curve in the quantal bipassay problem. To circumvent the computational
Wy difficulty in evaluating the Bayes rule, the linear Bayes estimator is
proposed. The linear Bayes estimate can be obtained easily by linearly
. interpolating the estimates evaluated at the dosage levels. To obtain the
S estimates at the dosage levels, it is required to invert a LxL matrix which
can be done by many standard statistical packages. Some numerial examples are

Ziven to demonstrate the ease of obtaining the linear Baves estimata.
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'lf‘m Table 1. Comparison between linear Bayes and Bayes estimates
5 M=1 Fy(t)) = 0.1587  F (c,) = 0.8413
AN 0" "2
i:‘ Prior
ey Ubservations Linear Bayes Baves Probability
)
[N "
P k% d(r))  dlzy) F(z))  F(z,) pr
'i..
.
el
0 0 0.0101  0.2089 0.0227  0.1964 0.0599 |
LR,
J
;233 0 1 0.0221  0.4572 0.0372  0.4422 0.0632
‘v:
ol : 2 0.0342  0.7055 0.0419  0.6%75 5.3823
(R
9 v 3 0.0662  0.9538 0.0815  0.9583 5.5180
:ﬁ 1 3 0.2584  0.2209 0.1655  0.3138 0.2049
L/ :.I
e i 1 0.2706  0.4692 0.2308  0.5029 0,092
[
g,‘ i 2 0.2825  0.7175 0.2855 0.7145 0.01863
o
ANy i 3 0.2945  0.9658 0.3022  0.9381 U.0925
il
§?> D 0.5067  0.2330 0.3084  0.4313 0.0012
| A%
rr 2 1 0.5187  0.4813 0.4085  0.5%1% 0.C337
Ol
L
SN 2 2 0.5308  0.7296 0.4971  0.7632 0.0092
0
Y
K 2 3 0.5428  0.9779 0.5578  0.9628 0.0632
),_ﬂ_
s 30 0.7550  0.2430 0.4512  0.5183 Gl
‘»“
P s 3 1 0.7670 0.4933 0.5687 0.691% 0.0012
R
Ll
[y 32 0.7791  0.7416 0.6862  0.8345 0.2049
& 303 0.7911  0.9899 0.8036 0.9773 0.0599
N
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N
X v
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M Table 2. Comparison between linear Bayes and Bayes estimates
"

A
a} M=10 FO(tl) = 0.1387 Fo(tz) = 0.8413
f' Prior

f Observations Linear Bayes Bayes Probability
!
~ - - - -

;: kl k2 d(tl) d(tz) F(tl) F(tz) pr
'-:

v 0 0.0941 0.6431 0.0992 0.6380 0.0078
§ U 1 0.1052 0.7195 0.1087 0.7161 0.0523

",!

" v el 0.1164 0.79690 0.1178 0.7946 0.1824
.§ V) 3 0.1270 0.8724 0.1264 0.8736 0.3823

X i ) 0.1705 0.6543 0.1617 0.6631 0.0028

v
"? 1 1 0.1817 .7307 0.1767 0.7357 0.0207
" ! 2 0.1929 0.8C71 0.1913 0.8087 0.0797
'j 1 3 0.29040 0.883% 0.2034 0.8822 0.1824

-

- 2 Gy 0.2469 0.6653 0.2242 0.6882 0.0006
o 2 i 0.2581 0.7419 0.2444 0.7556 0.0048
R 22 0.2693  0.8183 0.2643 0.8233 0.0207

]

«; 2 3 0.2805 0.8948 0.2839 0.8913 0.0523
1% 3 0 0.3234 0.6766 0.2867 0.7133 0.000!
»

Y

: 3 l 0.3345 0.7531 0.3118 0.7758 0.0006

>

"1 3 2 0.3457 0.8295 0.3369 0.8383 0.0028
o 3 3 0.3569 0.9059 0.3620 0.9008 0.0078
)

n
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R
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<./n.
i1
(a3 Fy= X{2,3.3
F.(t.)
o i
M
1
T
120
3L
320
() TLo= X200

(V%)
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LW Y

=X,

DT

T. Logz(Concen:r

Table 3.

ation) O

2

0.067

0.0000

d(0)
0.0645
0.0334

U.ul33

~ z

0.207

0.0228

d(1)
0.2506
0.1394
0.089Y4
0.0597

0.0397

0.1694

0.4013
0.26932
0.3380
0.3741
0.3919

0.3949

0.5001

0.5

0.5007

0.5026

0.5011

0.5003

U.3002

o

.S

£.5019

()
e

.5020
0.5908
0.500G3

0.5002
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0.767

0.9773
d(3)

8.7706
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0.9506

0.9605
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APPENDIX: SAS source program for computing the linear Bayes estimates.

DATA OBS;
INPUT 01-02;
CARDS;

o
o -~ O

32
33

DATA SIZE;
INPUT S1-S2;
CARDS;

33

33

VATA PARAM;
P1=PROBNORM(-1);
P2=PROBNORM(1);
M=1;

MATRIX;

0C MATRIX;

TCH 0 DATA=03S;
TCH N DATA=SIZE;
TCH B DATA=PARAM;
M=3(1,3);

T=%.
=25

DO X=1 TO 16;
X=J(L,L);
Cc=L(L,L);
A=J(L,L);
LAMDA=J(1,L);
EST=J(1,L);
DO I=1 TO L;
X(I,1)=N(K,I)*(M+N(K, 1) )*B(1,1)*(1-B(1,1))#/(M+1);
END;
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APPENDIX: Contined....

DO I=2 TO L;
DO J=1 TO I-1;
X(1,J)=N(K,I)*N(K,J)*B(1,J)*(1=-B(1,1))#/(M1);
X(J,1)=X(1,J);
END;
END;
DO J=1 TO L;
DO I=1 TO L;
IF I<=J THEN DO;
C(1,J)=N(X,I)*B(1,1)*(1-B(1,I))#/(M+1);
END;
ELSE DO;
C(I,J)=N(K,I)*B(1,J)*(1-B(1,1))#/(M+1);
END;
END;
END;
D0 J=1 T L;
AL, J)=INV(X)*C(,J);
8B=3(1,1 2);
LAMDA(L,J)=B(1,J)-(A(,J)#N(K,) ') ' *BB";
EST(1,J)=a7,J) "*0(K,) '+LAMDA(L,J);
END;
OK=0(K, );
PRINT OK A LAMDA EST;
FREE X C A LAMDA EST;

END;
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